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Let Y be the group by the Coxeter graph r of Fig. 1, together with the 
single additional relation 
(ab,c,ab,c,ab,c,)l*= 1 (1) 
Denote by YPsr the subgroup of Y generated by a and 
the first p of b,, cr, dr, eI,fi, 
the first q of b,, c2, d2, e2, f2, and 
the first r of bJ, c3, d3, e3, f3. 
We summarize the main properties of Y= YsSS, proved in [2, 3, 61. 
1. There is a homomorphism q from Y onto the bimonster Ml 2 (the 
wreath square of the Fischer-Griess monster group M). 
2. Y,,, = YdZ1 Lz cp( Y,,,) s 0; (2): 2. 
3. Y,,, z cp( Y.& EZ 3’F&. 
4. Y,,, z A4 x 2 if and only if Y,,, g M 2 2. 
5. THE 26 NODE THEOREM. Y contains certain involutionsf; gj, zi, ai, 
which, together with a, bi, ci, di, ei, J;: (i= 1,2, 3), satisfy the Coxeter 
relations given by the incidence graph A of the projective plane of order 3. 
(The joins of A are described by Fig. 2. In this figure, subscripts i take the 
values 1,2, 3, and double edges denote joins between nodes with different 
subscripts. For example, f joins a, et, e2, e3, b, joins a, a,, g,, cl, and 
a2 joins b,, z2, f,, f3.) There is a subgroup of Y effecting Aut(A) by 
conjugation (note that Aut(A) z L,(3): 2 contains an S3 permuting the 
generator subscripts). 
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FIGURE 1 
In this paper we further investigate the group Y, and start by showing 
that Y may be defined in a natural way from an “ES point of view.” We 
then concentrate on the subgroup Y333 of Y, and use it as a framework to 
prove that L,(3): 2, <F,(2), a fact which is used by Norton and Wilson 
[5] in their enumeration of the maximal subgroups of F,(2). We also show 
that the Coxeter relations of Y 333 together with relation (1) &lice to define 
‘p( Y,,,) z 23’2E6(2), thus eliminating two queries in the Atlas [l]. This 
proof relies on a large double coset enumeration programmed by Linton [4]. 
Our main result is the hexagon theorem, which states that the Coxeter 
relations given by d together with a single relation “rectifying a hexagon” 
define a group isomorphic to Y. 
Our notation follows that of the Atlas [l] for group structures. The 
reader is warned that the Y, YPs,. notation is used in slightly different ways 
in [l, 2,3], and the present paper. We use the same names for elements of 
a Coxeter group C, and the images of these elements in a quotient Q of C. 
This should cause no confusion, since we always try to make it clear which 
quotient Q we are working in. 
FIGURE 2 
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We make use of many coset enumerations, performed by the author’s 
“HLT with lookahead” enumerator implemented on a QMW Mathematics 
Orion minicomputer. These calculations should not be difficult to 
duplicate. 
AN E8 APPROACH TO Y 
The Coxeter graph r of Fig. 1 contains six copies of an afline Es-diagram 
Es, and these are equivalent under Aut(T). Regarded as a Coxeter graph, 
an &diagram presents the group Z’: W(E,), the afftne Weyl group of E,. 
Suppose we pick an Es-diagram in r, and adjoin a relation killing just the 
translation subgroup 2’. Without loss of generality we may choose the 
Y,,, Es-diagram, and adjoin the relation 
fl = (ablcldlb2c2b,)9 (ablcldlelb2c2b,)15. (2) 
THEOREM 1. Let P be the group defined by r together with relation (2). 
Then FZ Y. 
ProoJ: In the subgroup Y,,, of Y, the relations 
.h = (4c14b~&)9 (3) 
and (ablcldlelb2czb3)15 = 1 hold, and so relation (2) certainly holds in Y. 
We now show that relation (1) holds in F. 
Let S be the group defined by the Coxeter relations of Y531 together with 
relation (2), and in S, let 
H= (a, 4, cl, 4, el,fl, b2, c2, b3). 
A coset enumeration shows that [S: H] = 272 = [ Y531 : Y521]. Now either 
Hr W(E,) E 2’0,+(2): 2 or Hz Y521 r U;(2): 2. 
In the former case, the commutator subgroup of S would have to be a 
proper double cover of S,(2) g YL3r, but the Schur multiplier of S,(2) is 
trivial. Therefore H g Yszl, in which relation (3) holds. 
A further coset enumeration shows that Y521 has index 28,431 in the 
group R defined by the Coxeter relations of Y,,, together with relation (3). 
This proves that R z Y,,, (zOz(3): 2), in which relation (1) holds. 1 
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THEOREM 2. L,(3): 2, d FJ2). 
Proof. In q(Y) z M \ 2, the subgroup cp( Y333) z 23 .*E6(2) is invariant 
under the S, of cp( Y)-automorphisms which permute the generator 
subscripts. Let T denote the quotient *E,(2) of (P(Y~~~), and let cr be the 
T-automorphism which acts as (1,2) on the generator subscripts. 
Now C,(o) contains H, the T-image of (a, b,, c3, dS, b,b,, clcZ). The 
T-image of Y,,, is O,(3), and a calculation in this known group shows that 
HrL,(3): 2, (gPGOi(3)). In any group of shape *E,(2): 2, if a (non- 
central) involution is centralized by a 13-element, then the centralizer of 
that involution is 2 x I;,(2). As 13 divides the order of L,(3), we have 
Fd(2) = C,(o) > L,(3): 2,. 1 
THEOREM 3. Let E be the group defined by the Coxeter relations of Y333t 
together with relation (1). Then Y333 z E z 23 .2E,(2). 
Proof In E, let f3= (ab,c,b,b3c3d,)9, and z3 = (ab,b2b3c3d3)5 f3, We 
claim that the Coxeter relations of Fig. 3 are satisfied in E, as is the 
hexagon relation 
(az3b,c,b,cl)4 = 1, (4) 
and also f3 is central in E. This is because any of these relations not given 
by the definition of E holds in one of the known groups Y,,, and Y,,, 
( g22’Fi22), which are each defined by its respective Coxeter relations and 
(1). 
d2 
““3 
"C3 
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FIGURE 3 
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Now consider the group E, defined by the Coxeter relations of Fig. 3, the 
relation (4), and 
z3 = (ab,b,b,c,d,)5 
(relation (1) is implied). In $ let 
H= (a, bl, cl, 4, b,, c2, d2, z3, b3) and S= <a, b,, c3, d3>. 
A double coset enumeration by Linton [4], taking 20 minutes of CPU 
time on an IBM 3084, shows that E is partitioned by just 39,681 double 
cosets of the form HxS. The calculation also yields that H has index 
3,968,055 in i?, which is the index of the centralizer in 2E6(2) of an 
involution belonging to class 2A (Atlas notation). Now H, centralizing d,, 
maps onto such a centralizer, and we conclude that E acts on the 3,968,055 
conjugates of d3 as *&(2). As i? is generated by the conjugates of d3, the 
kernel K of this action must lie in the centre of 6 Furthermore, since E is 
perfect, K is a quotient of 22 x 3, the Schur multiplier of ‘E,(2). We know 
that K has order at least 22, since we have at most killed the outer central 
involution f3 of E to obtain E. On the other hand, 3 cannot divide the 
order of K, for if it did, the E-image of Y332 (of shape 22.Fi22) would be 
properly triply covered. We conclude that Er 22.2E,(2) s E/(f3). 1 
This eliminates the query in the Y,,,-line of p. 233 of the Atlas [l]. It 
follows easily that we may also eliminate the query in the 3Y,,,-line. 
Let @ be the Coxeter graph obtained from Fig. 3 by deleting nodes 
c3, d3, and their incident edges. It is conjectured in the Atlas that the group 
U, defined by @ together with relation (4), is of shape 24.220. U,(2), which 
is the shape of the image of U in E. Coset enumeration shows that 
<a, h, cl, 4, b2, c2, z3, (ablb2b3c2d2)5, 
(4c14b2c2b3)9, (&c14c2d2zdg) 
has index 4224 in U, which is thrice what it would be if the conjecture were 
true. Therefore, the query in the Q z22-line of p. 233 of the Atlas should be 
replaced by a remark to this effect. 
THE HEXAGON THEOREM 
Let A be the incidence graph of the projective plane of order 3, as 
described by Fig. 2, and let C be the Coxeter group defined by A. All 
hexagons (6-cycles) of A are equivalent under Aut(A), and we may take a 
typical hexagon to be 
a, bl, cl, z3, c2, b,. 
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Let D be the group defined by d together with the hexagon relation (4). In 
the image Y = Y555 of C, as described by the 26 Node Theorem [2], (4) 
holds. Thus, there is a natural epimorphism I,!K D -+ Y. 
THE HEXAGON THEOREM. $ is an isomorphism. 
Proof. Let tp be the Coxeter graph obtained by removing d1 and its 
incident edge from Fig. 3, and let F be the group defined by @ together 
with relation (4). The Y-image of F is Y233 z 22’Fi,2 (see [2]), and a series 
of coset enumerations how that F z Y233, in which relation ( 1) holds, and 
generator z3 is redundant. Let H be the Y,,,-subgroup of D; that is, 
H= (a, b;, ci, di, ei, fil i= 1, 2, 3). 
We have that (1) holds in H, and z3 E H. We now show that H contains 
the remaining generators g,, zi, zz, g,, g,, u2, a3, a,,fof D. 
Let 1v be the graph obtained from @ by removing d,, d,, and their 
incident edges, and let n be any subgraph of d isomorphic to Y. Then 
n = A( ul), for some /z E Aut(d). Suppose that the nodes of /1 (regarded as 
elements of D) are generated by H. Then the I-image of the hexagon 
relation holds in D, since the restriction of I/ to H is an isomorphism, and 
so A(@) generates a copy of 2”Fi,, in D. We can see in the known group 
F that 
46 (a, h, cl, b2, c2, z3, b,, c3) (~2 x O,(3)), 
and so we deduce that A(d,) is generated by H. 
Applying the above we see that 
We can now deduce that 
z1 E <a, bl, cl, b3, g,, 4, b,, c2> <H. 
Applying the subscript permutation (1,2) to the above, we have that 
Z~E H, and we now apply (1,2,3) to (5) to obtain g,, g2E H. Now 
a2E (a, bl, cl, b,, g,, d,, g,, fi)<H, 
and when we apply (1,2,3) to the above, a3, a, E H. Finally, 
f~(c2,~3,clrd2,g3,dl,b2,a)~H. I 
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Remark. In the group D above, the relation 
(4bb3)3 = (e3d3f3z313 
holds. In the group defined by A together with (6), the hexagon relation 
holds, so that D may be defined using (6). 
Notes added in prooj B. N. Cooperstein independently proved that F4(2) contains L,(3), 
in the paper “The Geometry of Root Subgroups in Exceptional Groups. II,” Geom. Dedicata 
15 (1983), 145. Using a result of A. A. Ivanov that a certain geometry for the monster is 
simply connected, Simon Norton has now shown that Y,,, z Ml2. 
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